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PICARD GROUPS FOR TROPICAL TORIC SCHEMES
JAIUNG JUN1, KALINA MINCHEVA2, AND JEFFREY TOLLIVER3
ABSTRACT. From any monoid scheme X (also known as an F1-scheme) one can pass to a semiring
scheme (a generalization of a tropical scheme) XS by scalar extension to an idempotent semifield S.
We prove that for a given irreducible monoid scheme X (satisfying some mild conditions) and an
idempotent semifield S, the Picard group Pic(X) of X is stable under scalar extension to S (and in
fact to any field K). In other words, we show that the groups Pic(X) and Pic(XS) (and Pic(XK)) are
isomorphic. In particular, if XC is a toric variety, then Pic(X) is the same as the Picard group of
the associated tropical scheme. The Picard groups can be computed by considering the correct sheaf
cohomology groups. We also define the group CaCl(XS) of Cartier divisors modulo principal Cartier
divisors for a cancellative semiring scheme XS and prove that CaCl(XS) is isomorphic to Pic(XS).
1. Introduction
In recent years, there has been a growing interest in developing a notion of algebraic geometry
over more general algebraic structures than commutative rings or fields. The search for such a theory
is interesting in its own right. The current work, however, relates to two actively growing sub-fields
of that study.
The first one is motivated by the search for “absolute geometry” (commonly known as F1-geometry
or algebraic geometry in characteristic one) which is first mentioned by J. Tits in [35]; Tits first hints
at the existence of a mysterious field of “characteristic one” by observing a degenerating case of an
incidence geometry Γ(K) associated to a Chevalley group G(K) over a field K; when K = Fq (a field
with q elements), as q→ 1, the algebraic structure of K completely degenerates, unlike the geometric
structure of Γ(K). This is why Tits suggests that limq→1 Γ(K) should be a geometry over the field of
characteristic one.
In [30], Y. Manin considers the field of characteristic one from the completely different perspective:
for developing a geometric approach to the Riemann hypothesis. Shortly after, in [34], C. Soule´
first introduced a notion of algebraic geometry over the field F1 with one element. Since then
A. Connes and C. Consani have worked to find a geometric framework which could allow one to
adapt the Weil proof of the Riemann hypothesis for function fields to the Riemann zeta function
(cf. [7], [8], [9], [10], [11], [12]).
The second field to which this work contributes is a new branch of algebraic geometry called tropi-
cal geometry. It studies an algebraic variety X over a valued field k by means of its “combinatorial
shadow”, called the (set-theoretic) tropicalization of X and denoted trop(X). This is a degeneration
of the original variety to a polyhedral complex obtained from X and a valuation on k. The combinato-
rial shadow retains a lot of information about the original variety and encodes some of its invariants.
Algebraically, trop(X) is described by polynomials in an idempotent semiring, which is a more gen-
eral object than a ring – a semiring satisfies the same axioms that a ring does, except invertibility of
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addition. However, the tropical variety trop(X) has no scheme structure. In [21], J. Giansiracusa and
N. Giansiracusa combine F1-geometry and tropical geometry in an elegant way to introduce a notion
of tropical schemes. This is an enrichment to the structure of trop(X), since a tropical variety is seen
as the set of geometric points of the corresponding tropical scheme. The tropical scheme structure is
encoded in a “bend congruence” (cf. [21]) or equivalently in a “tropical ideal” or a tower of valuated
matroids (cf. [28], [29]).
A natural question and central motivation for this work, is whether one can find a scheme-theoretic
tropical Riemann-Roch theorem using the notions from J. Giansiracusa and N. Giansiracusa’s theory.
The problem of finding such an analogue for tropical varieties, which one obtains through set-
theoretic tropicalization, has already received a lot of attention. In particular it has been solved in
the case of tropical curves. We recall that a tropical curve (the set-theoretical tropicalization of a
curve) is a connected metric graph. One can define divisors, linear equivalence and genus of a graph
in a highly combinatorial way. With these notions M. Baker and S. Norine [2] prove a Riemann-
Roch theorem for finite graphs while G. Mikhalkin and I. Zharkov [31] and later A. Gathmann and
M. Kerber [20] solve the problem for metric graphs. Later the Riemann-Roch problem is revisited
by O. Amini and L. Caporaso [1] who consider weighted graphs. A generalization of the work of
M. Baker and S. Norine to higher dimensions has been carried out by D. Cartwright in [4] and [5].
In [11] A. Connes and C. Consani prove a Riemann-Roch statement for the points of a certain
Grothendieck topos over (the image of) Spec(Z), which can be thought of as tropical elliptic curves.
An important ingredient to the project of A. Connes and C. Consani to attack the Riemann Hypothesis
is to develop an adequate version of the Riemann-Roch theorem for geometry defined over idempo-
tent semifields. Notably, there are several fundamental differences between their statement and the
tropical Riemann-Roch of M. Baker and S. Norine.
Recently, in [18] T. Foster, D. Ranganathan, M. Talpo and M. Ulirsch investigate the logarithmic Pi-
card group (which is a quotient of the algebraic Picard group by lifts of relations on the tropical curve)
and solve the Riemann-Roch problem for logarithmic curves (which are metrized curve complexes).
The solution of a scheme-theoretic tropical Riemann-Roch problem requires several ingredients, such
as a proper framework for “tropical sheaf cohomology” and a notion of divisors on tropical schemes,
and most importantly ranks of divisors. In this note, we investigate Picard groups of tropical (toric)
schemes as the first step towards building scheme-theoretic tropical divisor theory and a Riemann-
Roch theorem. To do that, we look at an F1-model of the tropical scheme, i.e., a monoid scheme.
Monoid schemes are related to tropical (more generally semiring) schemes and usual schemes via
scalar extension. More precisely, if X is a monoid scheme, say X = SpecM for a monoid M, then
XK = SpecK[M] is a scheme if K is a field and a semiring scheme if K is a semifield. Note that XC
is a toric variety if M is integral (cancellative), finitely generated, saturated and torsion free and XK is
a tropical scheme (the scheme theoretic tropicalization of XC) if K is the semifield of tropical num-
bers. When K is a field, the relation between Pic(X) and Pic(XK) has been extensively investigated
by J. Flores and C. Weibel in [17]. They show that in this case Pic(X) is isomorphic to Pic(XK).
In this paper, our main interest lies in the tropical setting, i.e., the case when K is an idempotent
semifield. We investigate the relation between the Picard group Pic(X) of a monoid scheme X and
Pic(XK) for an idempotent semifield K. More precisely, when XK is the lift of an F1-model X (with
an open cover satisfying a mild finiteness condition), we prove that the Picard group is stable under
scalar extension.
Theorem A. Let X be an irreducible monoid scheme and K be an idempotent semifield. Suppose that
X has an open cover satisfying Condition 3.5. Then we have that
Pic(X) = Pic(XK) =H
1(X ,O×X ).
Remark 1.1. This theorem provides an alternative proof to Theorem 6.6 in [17], giving a new proof
to Fulton’s result on the Picard group of a toric variety (cf. Remark 3.20).
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Recall that a cancellative semiring scheme XK over an idempotent semifield K is a semiring scheme
such that for each open subsetU of XK , the semiring OXK (U) of sections is cancellative. We construct
the group of Cartier divisors and modulo principal Cartier divisors, which we denote by CaCl(XK).
These are the naive principal Cartier divisors - the ones defined by a single global section. Then we
can show that
Theorem B. Let XK be a cancellative semiring scheme over an idempotent semifield K. Then
CaCl(XK) is isomorphic to Pic(XK).
We remark that the Picard group of a curveC is rarely equal to the Picard group of its set-theoretic
tropicalization (non-Archimedian skeleton). However, the skeleton of the Jacobian is canonically iso-
morphic to the Jacobian of the skeleton as principally polarized tropical abelian varieties as shown
in [3]. Moreover, in the case then C is a smooth toric curve, the Picard group of C is equal to the
Picard group of the non-Archimedian skeleton.
Since the tropical toric schemes considered in this paper have an F1 model, it will be interesting
to understand the relation of the results presented here to the theory of cohomology over F12 in [16].
This will allow to show that other invariants of toric varieties also live over F1.
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2. Preliminaries
In this section, we review some basic definitions and properties of monoid and semiring schemes.
We also recall the notion of Picard groups for monoid schemes developed in [17] and for semiring
schemes introduced in [25].
2.1 Picard groups for monoid schemes. In what follows, by a monoid we always mean a com-
mutative monoid M with an absorbing element 0M , i.e., 0M ·m = 0M for all m ∈M. Note that if M
is a monoid without an absorbing element, one can always embed M into M0 =M∪{0M} by letting
0M ·m= 0M for all m ∈M.
Remark 2.1. We will use the term “monoid schemes” instead of “F1-schemes” to emphasize that
we are employing the minimalistic definition of F1-schemes based on monoids following A. Deitmar
[14], instead of any of the more general constructions that exist in the literature (cf. [8] or [26]).
We recall some important notions which will be used throughout the paper. For the details, we
refer the reader to [6], [13], [14], [15].
Definition 2.2. [14, §1.2 and §2.2] Let M be a monoid.
(1) An ideal I is a nonempty subset ofM such thatMI ⊆ I. In particular, it contains the absorbing
element 0M . A proper ideal I is said to be prime if M\I is a multiplicative nonempty subset
of M.
(2) A maximal ideal of M is a proper ideal which is not contained in any other proper ideal.
(3) The prime spectrum SpecM of a monoid M is the set of all prime ideals of M equipped with
the Zariski topology. A basis for the topology is given by the collection of open sets
D( f ) = {p ∈ SpecM | f 6∈ p},
for all f ∈M.
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One can mimic the construction of the structure sheaf on a scheme to define the structure sheaf
(of monoids) on the prime spectrum SpecM of a monoid M. The prime spectrum SpecM together
with a structure sheaf is called an affine monoid scheme. A locally monoidal space is a topological
space together with a sheaf of monoids. A monoid scheme is a monoidal space which is locally
isomorphic to an affine monoid scheme. As in the classical case, we define a morphism between
two locally monoidal spaces (X ,OX) and (Y,OY ) to be a pair ( f , f
#) consisting of a continuous map
f : X →Y and a morphism f # : OY → f∗OX of sheaves on Y which is local, i.e., at each point x ∈ X ,
the induced map f #x : OY, f (x) → OX ,x on stalks is a local homomorphism of monoids. Morphisms of
monoid schemes are morphisms of locally monoidal spaces. As in the case of schemes, we call a
monoid scheme irreducible if the underlying topological space is irreducible.
Remark 2.3. (1) Let M be a monoid. ThenM has a unique maximal ideal m=M\M×.
(2) The category of affine monoid schemes is equivalent to the opposite of the category of
monoids. A monoid scheme, in this case, is a functor which is locally representable by
monoids. In other words, one can understand a monoid scheme as a functor of points. For
details, see [32].
Next, we briefly recall the definition of invertible sheaves on a monoid scheme X . We refer the
readers to [6] and [17] for details.
Definition 2.4. [17, §5] Let M be a monoid and X be a monoid scheme.
(1) By an M-set, we mean a set with anM-action.
(2) An invertible sheaf L on X is a sheaf of OX -sets which is locally isomorphic to OX .
Let M be a monoid and A,B be M-sets. One may define the tensor product A⊗M B. Furthermore,
if A and B are monoids, A⊗M B becomes a monoid in a canonical way. See, [6, §2.2, 3.2] for details.
Remark 2.5. We would like to warn the reader that in the literature the same terminology is used
to denote different things. In [17], the authors use the term “smash product” for tensor product
of monoids, whereas in [6], the authors use the term “smash product” only for tensor product of
monoids over F1, the initial object in the category of monoids. We will use the term tensor product to
stay compatible with the language of schemes and semiring schemes.
Let X be a monoid scheme and let Pic(X) be the set of the isomorphism classes of invertible
sheaves on X . Suppose that L1 and L2 are invertible sheaves on X as in Definition 2.4. The tensor
product L1⊗OX L2 is the sheafification of the presheaf (of monoids) sending an open subset U of X
to L1(U)⊗OX (U) L2(U). It is well–known that L1⊗OX L2 is an invertible sheaf on X . Also, as in
the classical case, the sheafificaiton L −11 of the presheaf (of monoids) sending an open subset U of
X to HomOX (U)(L1(U),OX(U)) becomes an inverse of L1 with respect to the tensor product in the
sense that L1⊗OX L
−1
1 ≃OX . Therefore, Pic(X) is a group.
One can use the classical argument to prove that Pic(X)≃ H1(X ,O×X ) (for instance, see [17, Lemma
5.3.]). Recall that for any topological space X and a sheaf F of abelian groups on X , sheaf cohomol-
ogy Hi(X ,F ) and Cˇech cohomology Hˇi(X ,F ) agree for i= 0,1. Therefore, we have
Pic(X)≃ H1(X ,O×X )≃ Hˇ
1(X ,O×X ). (1)
2.2 Picard groups for semiring schemes. A semiring is a set (with two binary operations - addi-
tion and multiplication) that satisfies the same axioms that a ring does, except invertibility of addition.
In this paper by a semiring we mean a commutative semiring with at least two distinct elements (a
multiplicative identity and an additive identity). In particular, a semiring is a commutative monoid
with respect to both operations. A semifield is a semiring in which every non-zero element has a
multiplicative inverse. For S a semifield, an S-algebra is a morphism of semirings S→ A. A semiring
A is idempotent if a+a = a, for all elements a ∈ A. An example of an (idempotent) semifield is the
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tropical semifield which we denote by T. It is defined on the set R∪{−∞}, with operations maximum
and addition.
Definition 2.6. Let A and B be semirings. Then a function f : A→ B is a morphism of semirings if
and only if:
(1) f (0A) = 0B,
(2) f (1A) = 1B,
(3) f (a+a′) = f (a)+ f (a′), and f (aa′) = f (a) f (a′), ∀a,a′ ∈ A.
Definition 2.7. Let A be a semiring.
(1) An ideal I of A is an additive submonoid I of A such that AI ⊆ I.
(2) An ideal I is said to be prime if I is proper and if ab ∈ I then a ∈ I or b ∈ I.
(3) A proper ideal I is maximal if the only ideal strictly containing I is A.
There are several definitions of semiring schemes in the literature. One can find a complete list of
the proposed structures and the relations between them in [27]. We present the following definition,
originally introduced in [21], which we will use in this paper.
Definition 2.8. Let A be a semiring algebra and X = SpecA be the set of all prime ideals of A.
We endow X with the Zariski topology. The topology on X is generated by the sets of the form
D( f ) = {p ∈ X | f 6∈ p} for all f ∈ A.
Let A be a semiring and S be a multiplicative subset of A. We recall the construction of the
localization S−1A of A at S from [22, §11]. Let M = A× S. We impose an equivalence relation on
M in such a way that (a,s) ∼ (a′,s′) if and only if ∃t ∈ S such that tas′ = ta′s. The underlying set of
S−1A is the set of equivalence classes ofM under ∼. We let a
s
be the equivalence class of (a,s). Then
one can define the following binary operations + and · on S−1A:
a
s
+
a′
s′
=
as′+ sa′
ss′
,
a
s
·
a′
s′
=
aa′
ss′
.
It is well–known that S−1A is a semiring with the above operations. Furthermore, we have a canonical
homomorphism S−1 : A→ S−1A sending a to a
1
. When S = A−p for some prime ideal p, we denote
the localization S−1A by Ap.
Let A be a semiring algebra and X = SpecA be the prime spectrum of A. For each Zariski open
subset U of X , we define the following set:
OX(U) = {s :U → ∏
p∈U
Ap},
where s is a function such that s(p) ∈ Ap and s is locally representable by fractions. One can easily see
that OX is a sheaf of semirings on X . An affine semiring scheme is the prime spectrum X = SpecA
equipped with a structure sheaf OX . Next, by directly generalizing the classical notion of locally
ringed spaces, one can define a locally semiringed space, as a topological space with a sheaf of
semirings such that at each point, the stalk has a unique maximal ideal. A semiring scheme is a
locally semiringed space which is locally isomorphic to an affine semiring scheme.
A special case of the semiring schemes proposed by J. Giansiracusa and N. Giansiracusa are the T-
schemes. They are locally isomorphic to the prime spectrum of a quotient of the polynomial semiring
over the tropical semifield (denoted T[x1, . . . ,xn]) by a particular equivalence relation, called a “bend
congruence”. In this paper we refer to these schemes as “tropical schemes”. We point out that in [28]
and [29] the term “tropical schemes” is reserved for T-schemes defined by the bend relations of
special ideals, called tropical ideals.
We note that every scheme is a semiring scheme, but never a tropical scheme. The reason is that
the structure sheaf of a tropical scheme is a sheaf of additively idempotent semirings which are never
rings.
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One can extend the familiar notions of invertible sheaves and Picard group of schemes or monoid
schemes to the semiring schemes setting. In fact, Cˇech cohomology for semiring schemes is intro-
duced in [25] and the following is proved.
Theorem 2.9. [25] Let X be a semiring scheme. Then Pic(X) is a group and can be computed via
H1(X ,O×X ).
We note that O×X is a sheaf of abelian groups and thus we can define H
1(X ,O×X ) in the usual way
and H1(X ,O×X ) = Hˇ
1(X ,O×X ) as in Equation (1).
Example 2.10. In [25], the author also proves that for a projective space PnS over an idempotent
semifield S, one obtains that Pic(PnS) ≃ Z, as in the classical case. In [17], a similar result is proven
for a projective space over a monoid. These two results motivate (among others) the authors of
the current note to study relations among Picard groups of schemes, monoid schemes, and semiring
schemes under “scalar extensions”.
3. Picard groups of tropical toric schemes
In this section, we prove the main result which states that the Picard group Pic(X) of an irreducible
monoid scheme X (with some mild conditions) is stable under scalar extension to an idempotent
semifield. Let us first recall the definition of scalar extension of a monoid scheme to a field or an
idempotent semifield.
Let X be a monoid scheme and K a field or an idempotent semifield. Suppose that X is affine, i.e.,
X = SpecM, for some monoid M. Then the scalar extension is defined as:
XK = X×SpecF1 SpecK = SpecK[M],
where K[M] is a monoid semiring (when K is an idempotent semifield) or a monoid ring (when K is a
field). This construction can be globalized to define the base change functors from monoid schemes
to semiring schemes (or schemes). For the base change functors from monoid schemes to schemes,
see [14] and the case for semiring schemes, see [26, §3] or [21, §3.2.]. In our case, we will use the
following lemma:
Lemma 3.1. Let X be an irreducible monoid scheme, U be an open subset of X, and K be an idem-
potent semifield. Then
UK =U ×SpecF1 SpecK
is an open subset of XK.
Proof. We may assume that X is affine, say X = SpecM, and U = D( f ) for some f ∈M. Then one
can easily check that
UK = {p ∈ SpecK[M] | 1M · f 6∈ p}.
In other words,UK is nothing but D( f ) when f is considered as an element of K[M]. 
Remark 3.2. In fact, the scalar extensions can be defined for any semiring S by considering the
monoid semiring S[M] for a given monoid M. But in this paper, we only consider the case when S is
an idempotent semifield.
Remark 3.3. In [13], G. Cortin˜as, C. Haesemeyer, M. Walker, and C. Weibel prove that from a toric
monoid scheme X (a monoid scheme of finite type which is separated, connected, torsion-free, and
normal), after scalar extension to a field k, one obtains a toric variety Xk. Conversely, the authors
also show that from a toric variety Xk associated to a fan ∆, one can always construct a toric monoid
scheme X =X(∆) (from a fan ∆) in such a way that Xk is the scalar extension of X to k. Moreover, they
show that there exists a faithful functor from fans to a toric monoid schemes (cf. Theorem 4.4 [13]).
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Since the Picard group Pic(X) of a semiring scheme X can be computed by the cohomology group
with values in the sheaf O×X , we first need to understand K[M]
×, the group of multiplicatively invert-
ible elements of K[M].
Recall that by a cancellative monoid, we mean a monoidM such that if ab= ac, for a ∈M−{0M}
and b,c ∈ M, then b = c. We insist on using this terminology, since passing to semirings integral
(having no zero divisors, i.e., ab= 0 implies either a= 0 or b= 0) and cancellative are two different
notions. For example, the semiring of tropical polynomials does not contain zero divisors but is not
cancellative (cf. Remark 4.2).
Proposition 3.4. Let M be a cancellative monoid and K be an idempotent semifield. Then we have
K[M]× ∼= K××M×.
Proof. For x ∈ K[M], let φ(x) ∈ N be the smallest natural number such that x has a representation of
the form
x=
φ(x)
∑
k=1
akmk,
where ak ∈ K and mk ∈M. Such a representation has a minimal length if and only if each ak 6= 0 and
the elements mk are nonzero and distinct. Since K is an idempotent semifield, two nonzero elements
of K cannot sum to zero and hence we have φ(x) ≤ φ(x+ y) for all x,y ∈ K[M].
Let m ∈ M−{0M} and x ∈ K[M]. Write x =
φ(x)
∑
k=1
akmk, so we have that mx =
φ(x)
∑
k=1
ak(mmk). This
is the shortest such expression for mx because each ak 6= 0 and M is cancellative. Hence one has
φ(mx) = φ(x). One also has φ(ax) = φ(x) for a ∈ K×.
Now let y ∈ K[M] be nonzero and x ∈ K[M] be arbitrary. Write y =
φ(y)
∑
k=1
akmk with ak 6= 0 for all
k = 1, . . . ,φ(y). In particular, a1 ∈ K
× since K is a semifield. Also, since K is idempotent, we have
that y= a1m1+ y and hence
φ(xy) = φ(xy+a1m1x)≥ φ(a1m1x) = φ(x).
Finally suppose x ∈ K[M]× and let y= x−1. Then we have
1= φ(1) = φ(xy) ≥ φ(x).
Since φ(x) ≤ 1, we have x= am for a ∈ K and m ∈M. Similarly y= bm′ for b ∈ K and m′ ∈M. One
easily sees that ab= 1 and mm′ = 1, and hence x ∈ K××M×. 
We can compute Cˇech cohomology given the existence of an appropriate open cover. The following
result provides a link between Pic(XK) and Cˇech cohomology of the sheaf K
××OX
× (of abelian
groups) on X , where K × is the constant sheaf on X associated to the abelian group K×.
In what follows, we will assume the following condition for an irreducible monoid scheme.
Condition 3.5. Let X be an irreducible monoid scheme. Suppose that X has an open affine cover
U = {Uα} such that any finite intersection of the sets Uα is isomorphic to the prime spectrum of a
cancellative monoid.
Remark 3.6. A monoid scheme X is said to be separated if the diagonal map ∆ : X → X ×SpecF1
X is a closed immersion. Note that the definition of a closed immersion slightly differs from the
case of schemes. See, [13, Definition 2.5., Remark 2.7.1., and §4] for more details. The above
condition is not equivalent to the separatedness of monoid schemes. Following [13, Corollary 3.8.],
for any separated monoid scheme X and two affine open subschemes U1 and U2, the intersection
U1∩U2 should be affine. But our condition insists further that such intersection should be given by a
cancellative monoid.
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Remark 3.7. Condition 3.5 can be weakened as follows: one may only require the existence of an
affine open cover U = {Uα} such that any finite intersection of the setsUα is isomorphic to a union
of prime spectra of cancellative monoids. But it helps to avoid a digression into technicalities, which
would make the paper hard to read.
Let X be an irreducible monoid scheme and U = {Ui} be an open cover of X . Let
UK = {Ui×SpecF1 SpecK}.
It follows from Lemma 3.1 that UK is an open cover of XK for an idempotent semifield K.
Now, under the assumption of Condition 3.5, we have the following.
Theorem 3.8. Let X be an irreducible monoid scheme and U be an open cover of X satisfying
Condition 3.5. Let K be an idempotent semifield, XK = X ×SpecF1 SpecK, and UK = {Uα ×SpecF1
SpecK}. Then we have
H1(UK ,O
×
XK
)∼=H1(U ,K ××O×X ).
Proof. Let UKα =Uα ×SpecF1 SpecK. Write Uα1...αn =Uα1 ∩ . . .∩Uαn , and similarly for U
K
α1...αn . Let
F = K ××O×X , and G = O
×
XK
. Note that by irreducibility of X , we have F (U) = K×× (OX(U)
×)
for any open subset U ⊆ X .
Fix α1, . . . ,αn. Then we have Uα1...αn
∼= SpecM and UKα1...αn
∼= SpecK[M] for some cancellative
monoid M. Then F (Uα1...αn) = K
××M× ∼= K[M]× = G (UKα1...αn), by Proposition 3.4. These iso-
morphisms induce isomorphisms of Cˇech cochains Ck(U ,F ) ∼= Ck(UK ,G ). The result will fol-
low if these isomorphisms are compatible with the differentials. However, this reduces to check-
ing that the maps F (Uα1...αn)→F (Uα1...αnαn+1)→ G (U
K
α1...αnαn+1) and F (Uα1...αn)→ G (U
K
α1...αn)→
G (UKα1...αnαn+1) agree, which is readily checked. 
Our next goal is to show that PicXK can be computed by using a cover that satisfies the assumption
of Condition 3.5.
Lemma 3.9. Let K be an idempotent semifield. Suppose that a,b ∈ K and a 6= 0 or b 6= 0, then
a+b 6= 0.
Proof. Suppose that a+b= 0. Since K is idempotent we have
a+b= a+a+b= a+(a+b) = a+0= a.
Similarly, we obtain that a+b= b. It follows that a= b and hence a+b= a= b as K is idempotent.
This implies that a= b= 0, which contradicts the initial assumption. 
Lemma 3.10. Let K be an idempotent semifield and M be a cancellative monoid. Let {Uα} be an
open cover of X = SpecK[M]. Then Uα = X for some α .
Proof. We may assume without loss of generality that each open set in the cover is nonempty. One
can easily observe that X contains a unique maximal ideal, namely, m := K[M]−K[M]×; this directly
follows from the proof of Proposition 3.4. Since {Uα} is an open covering of X , m ∈Uα for some
α . We may further assume that Uα is an affine open subset of X , sayUα =V (I)
c for some ideal I of
K[M]. In particular, we have that I 6⊆ m. Now, let p be any prime ideal of K[M]. Since m is a unique
maximal ideal, we have that p⊆m and hence I 6⊆ p, showing that X =Uα .

Remark 3.11. A special case of Lemma 3.10, when M is a free monoid generated by n elements, is
proved in [25, Lemma 4.20] and referred to as a “tropical partition of unity”. In fact, Lemma 3.10 can
be also proven by using the fact that K[M] has the unique maximal ideal, namely m= K[M]−K[M]×
and apply the same argument as in Lemma 3.14. Furthermore, as long as a semifield K satisfies the
condition in Lemma 3.9, one can easily prove that Lemma 3.10 holds.
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Theorem 3.12. Let K be an idempotent semifield, M be a cancellative monoid, and X = SpecK[M].
Then Pic(X) = 0, and more generally, we have
Hk(X ,O×X ) = 0, for k ≥ 1.
Proof. Let U = {Ui} be a covering of X such that every other covering V = {Vi} of X contains
{Ui} as a refinement. Then by definition of Cˇech cohomology H
k(X ,F ) = Hk(U ,F ) for any
abelian sheaf F . By Lemma 3.10, this is the case for the covering {Ui} = {X}. Thus H
k(X ,O×X ) =
Hk(U ,O×X ). Now, one can easily compute H
k(U ,O×X ) to prove the theorem.

Corollary 3.13. Let X be an irreducible monoid scheme and U = {Uα} be an affine open cover
satisfying Condition 3.5. Let K be an idempotent semifield and let XK = X ×SpecF1 SpecK. Let
UK = {Uα ×SpecF1 SpecK} be a cover of XK coming from U . Then we have
H1(XK,O
×
XK
) = H1(UK ,O
×
XK
).
Proof. Combine the previous result with Serre’s version ( [33, The´ore`me 1 of n◦ 29]) of Leray’s
theorem. 
We now consider similar results for the cohomology of K ××O×X . The following lemma is an
analogue of Lemma 3.10 for monoids.
Lemma 3.14. Let M be a monoid and {Uα} be an open cover of X = SpecM. ThenUα = X for some
α .
Proof. One can observe that M has a unique maximal ideal, namely, m= (M−M×). Now, a similar
argument as in Lemma 3.10 proves our claim. 
Corollary 3.15. Let M be a cancellative monoid and X = SpecM. Then we have
Hk(X ,K ××O×X ) = 0, for k ≥ 1.
Proof. A similar argument to the one of Theorem 3.12 yields the desired result. 
Corollary 3.16. Let X be an irreducible monoid scheme and U = {Uα} be an affine open cover of
X satisfying Condition 3.5. Then we have
H1(X ,K ××O×X ) = H
1(U ,K ××O×X ).
Proof. Combine the previous result with Serre’s version ( [33, The´ore`me 1 of n◦ 29]) of Leray’s
theorem. 
We are now able to express PicXK in terms of X .
Proposition 3.17. Let X be an irreducible monoid scheme and U = {Uα} an affine open cover
satisfying Condition 3.5. Let K be an idempotent semifield and let XK = X ×SpecF1 SpecK. Then we
have
Pic(XK)∼= H
1(X ,K ××O×X ).
Proof. Let UK = {Uα ×SpecF1 SpecK}. Then by Theorem 3.8 and Corollaries 3.13 and 3.16, we have
Pic(XK)∼= H
1(UK ,O
×
XK
)∼= H1(U ,K ××O×X )
∼= H1(X ,K ××O×X ).

Proposition 3.18. Let X be an irreducible monoid scheme. Then we have
Pic(X) = H1(X ,K ××O×X ).
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Proof. Since the constant sheaf on an irreducible space is flasque, we have that H1(X ,K ×) = 0.
Then it follows that
H1(X ,K ××O×X ) =H
1(X ,K ×)×H1(X ,O×X ) = 0×Pic(X) = Pic(X).

Combining the two previous propositions gives the following theorem.
Theorem 3.19. Let X be an irreducible monoid scheme and U = {Uα} is an affine open cover
satisfying Condition 3.5. Let K be an idempotent semifield and let XK = X×SpecF1 SpecK. Then
Pic(XK)∼= Pic(X).
Remark 3.20. We remark that the statements in this section still hold in the case when K is not
an idempotent semifield but rather the field of complex numbers C, even though they may require
different proofs. As mentioned in Remark 3.3 if X is a connected integral monoid scheme of finite
type then XC is a toric variety. First, we observe that Condition 3.5 holds for toric varieties.
It is easy to see that Proposition 3.4 holds for K = C. Proposition 3.1 is true (via the extension of
scalars functor). The proof of Theorem 3.8 is the same over C. Proposition 3.12 is a classical result
for affine (toric) varieties and implies the statement of Corollary 3.13. Proposition 3.17 and Proposi-
tion 3.18 follow from the previous statements with the same proof and together imply Theorem 3.19.
This way we obtain that H1(X ,O×X ) = H
1(XC,O
×
XC
). This gives us a different proof of Theorem 6.6
of [17]. As observed in [17] the Cartier divisors on X lift to torus-invariant Cartier divisors on XC
and this way we recover Fulton’s result in [19] Section 3.4 that the Picard group of a toric variety is
generated by torus invariant divisors.
4. Cartier divisors on cancellative semiring schemes
In this section, we define a Cartier divisor on a cancellative semiring scheme X , following the idea
of Flores and Weibel [17]. We show that the Picard group Pic(X) is isomorphic to the group Cart(X)
of Cartier divisors modulo principal Cartier divisors. In what follows, by an integral semiring, we
mean a semiring without zero divisors.
Let A be an integral semiring and p ∈ SpecA. We will call an element f ∈ A× (multiplicatively)
cancellable, if the following condition holds:
a f = b f implies a= b, ∀a,b ∈ A. (2)
By a cancellative semiring, we mean a semiring A such that any nonzero element a∈ A is cancellable.
Definition 4.1. By an integral semiring scheme, we mean a semiring scheme X such that for any
open subset U of X , OX(U) is an integral semiring. Moreover, if OX(U) is cancellative for any open
subset U of X , we call X a cancellative semiring scheme.
Remark 4.2. Classically, a nontrivial ring without zero divisors is multiplicatively cancellative and
vice versa. However, a semiring without zero divisors is not necessarily cancellative - such as the
polynomial semiring over the tropical semifield T[x1, . . . ,xn]. Nonetheless, any nontrivial cancellative
semiring is integral and hence any nontrivial cancellative semiring scheme is an integral semiring
scheme.
Lemma 4.3. Let X be an integral semiring scheme. Then X has a unique generic point.
Proof. As in the classical case, if X is an integral semiring scheme, then X is irreducible and any
irreducible topological space has a unique generic point. 
Lemma 4.4. Let X be an integral semiring scheme with a generic point η . Then for any affine open
subset U = SpecA⊆ X, we have
OX ,η ≃ A(0),
where A(0) = Frac(A). In particular, OX ,η is a semifield.
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Proof. Since X is integral, A is an integral semiring. In particular, p = (0) ∈ SpecA is the generic
point of SpecA. Again, since X is integral, it follows that p is also the generic point of X . Therefore
we have OX ,η = A(0). 
Definition 4.5. Let X be an integral semiring scheme andU = SpecA be any affine open subset. We
define the function field K(X) of X as follows:
K(X) = OX ,η ,
where η is the generic point ofU .
Example 4.6. Let X = SpecT[x], an affine line. Let A= T[x]. One can easily see that A is an integral
semiring and hence the generic point is η = (0). Therefore, we have
K(X) = OX ,η = {
g
f
| g ∈ A, f ∈ A\{0}}.
Proposition 4.7. Let X be a cancellative semiring scheme with the function field K. Let K be the
constant sheaf associated to K on X. Then O×X is a subsheaf (of abelian groups) of K
×.
Proof. First, suppose that X is affine, i.e., X = SpecA for some cancellative semiring A. Notice
that, since A is cancellative, for any f ∈ A \ {0}, we have a canonical injection i f : A f → Frac(A).
Therefore, as in the classical case, for each open subset U of X , we have
OX(U) =
⋂
D( f )⊆U
A f ⊆ Frac(A) = K (U). (3)
It follows that O×X (U) ⊆ K
×(U). In general, one can cover X with affine open subsets and the
argument reduces to the case when X is affine; this is essentially due to Lemma 4.4. 
Thanks to Proposition 4.7, we can define a Cartier divisor on a cancellative semiring scheme X as
follows:
Definition 4.8. Let X be a cancellative semiring scheme with the function field K. Let K be the
constant sheaf associated to K on X . A Cartier divisor on X is a global section of the sheaf of abelian
groups K ×/O×X .
We recall the notion of Cartier divisors on a cancellative monoid scheme. Let X be a cancellative
and irreducible monoid scheme with a generic point η . Denote by K = OX ,η the stalk at η and by K
be the associated constant sheaf.
Definition 4.9. [17, §6]
(1) A Cartier divisor is a global section of the sheaf K ×/O×X of abelian groups. We let Cart(X)
be the group of Cartier divisors on X .
(2) A principal Cartier divisor is a Cartier divisor which is represented by some a ∈ O×X ,η . Let
P(X) be the subgroup of Cart(X) consisting of principal Cartier divisors.
(3) We let CaCl(X) = Cart(X)/P(X) be the group of Cartier divisors modulo principal Cartier
divisors.
Flores and Weibel prove the following.
Theorem 4.10. [17, Proposition 6.1.] Let X be a cancellative monoid scheme. Then
Pic(X)≃ CaCl(X).
As in the classical case, to any Cartier divisor D on a cancellative semiring scheme X , one can
associate an invertible sheaf L (D) on X . More precisely, if D is a Cartier divisor represented by
{Ui, fi}, where fi ∈ O
×
X (Ui), then one defines an invertible sheaf L (D) as a subsheaf of K by
requiring that L (D)(Ui) is generated by f
−1
i . In fact, the same argument as in the proof of Theorem
4.10 shows the following:
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Proposition 4.11. Let X be a cancellative semiring scheme. Then the map ϕ : CaCl(X)→ Pic(X)
sending [D] to [L (D)] is an isomorphism, where [D] is the equivalence class of D ∈ Cart(X) and
[L (D)] is the equivalence class of L (D) in Pic(X).
Proof. The argument is similar to [17, Propoisiton 6.1], however, we include a proof for the sake of
completeness.
We have the following short exact sequence of sheaves of abelian groups:
0−→O×X −→K
× −→K ×/O×X −→ 0. (4)
Since X is cancellative, X is irreducible. Furthermore, K × is a constant sheaf on X and hence K × is
flasque. In particular, H1(X ,K ×)= 0. Therefore, the cohomology sequence induced by (4) becomes:
0−→O×X (X)−→K
×(X)
f
−→ (K ×/O×X )(X)−→ H
1(X ,O×X )−→ 0. (5)
But we have that H1(X ,O×X ) = Pic(X), (K
×/O×X )(X) =Cart(X), and f (K
×(X)) = P(X) and hence
Pic(X)≃ CaCl(X) as claimed. 
Example 4.12. Let A= T[x1, ...,xn] be the polynomial semiring over T. Recall that A is integral, but
not cancellative. Consider B= A/∼, where ∼ is a congruence relation on A such that f (x1, ...,xn)∼
g(x1, ...,xn) if and only if f and g are same as functions on T
n. It is well–known (see for example [25]
or [23]) that in this case B is cancellative. Now let X = SpecB. It follows from Proposition 4.11
that Pic(X) = CaCl(X). But we know from [25, Corollary 4.23.] that Pic(X) is the trivial group and
hence so is CaCl(X). In tropical geometry, one may obtain a “reduced model” of a tropical scheme
as above, which could be used to compute CaCl(X), see [25, Remark 4.27.].
Remark 4.13. One can easily see (cf. [17]) that if X is a cancellative monoid scheme and K is a
field, then CaCl(X) is isomorphic to CaCl(XK), where CaCl(XK) is the group of Cartier divisors of
the scheme XK modulo principal Cartier divisors.
Remark 4.14. In the case of set-theoretic tropicalizations of curves, there is a well-developed the-
ory of divisors. Let C be an algebraic curve defined over a valued field and G be the set-theoretic
tropicalization of C, or rather its non-Archimedian skeleton. We remind the reader, that G is a
graph. There exists a notion of a Picard group of G (cf. [2]). Moreover, there is a well-defined
map Pic(C)→ Pic(G), which one may think of as the tropicalization map. If C has genus 0 then the
Picard groups Pic(C) and Pic(G) are equal and isomorphic to Z. However, in general Pic(C) and
Pic(G) are rarely the same. For example, consider an elliptic curve E degenerating to a cycle of P1’s.
Note that Pic0(E) = E but Pic(G) = S1, the unit circle. In the few cases when the results of M. Baker
and S. Norine are comparable with the results of this paper, that is when X is a smooth toric curve, it
can be verified explicitly that the Picard groups of the set-theoretic tropicalization (non-Archimedian
skeleton) and the scheme-theoretic tropicalization of X are the same.
Example 4.15 (Computing the Picard group of the tropicalization of P1×P1). We consider XC =
P
1×P1, which is a toric variety. We compute explicitly the Picard group of the tropical scheme XT.
Note that the calculation is analogous to the classical one.
Let U = ∪4i=1Ui be an open cover for XT = (P
1×P1)T, where
U1 = SpecT[x,y],
U2 = SpecT[x,y
−1],
U3 = SpecT[x
−1,x−1y−1],
U4 = SpecT[x
−1,xy].
Now we can see which sections over eachUi are units in Γ(U,OXT), namely,
Ai = O
×
XT
(Ui) = R, ∀i= 1,2,3,4. (6)
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For instance, for i = 1, we have that O×XT(U1) is the group of (tropically) multiplicatively invertible
elements in OXT(U1) =T[x,y]. Since the only tropical polynomials, which are multiplicatively invert-
ible, are nonzero constants, we have (6).
LetUi j =Ui∩U j. Now we have
A12 = O
×
XT
(U12) = (T[x,y
±1])× ∼= R×Z,
and similarly A14, A23, A34 are isomorphic to R×Z. Note, however, that
A13 ∼= A24 = T([x
±1,y±1])× ∼= R×Z2.
Similarly forUi jk =Ui∩U j∩Uk one may also check that:
Ai jk = O
×
XT
(Ui jk) = (T[x
±1,y±1])× ∼=R×Z2.
In particular, we get that
Cˇ0(XT,O
×
XT
)∼= R4, Cˇ1(XT,O
×
XT
)∼= (R×Z)4× (R×Z2)2, Cˇ2(XT,O
×
XT
)∼= (R×Z2)4. (7)
We can proceed with the computation using the usual Cˇech complex or we can do a “tropical”
computation as in [25] considering the following cochain complex:
d−0
//
d+0
//
A12×A13×A23×A14×A24×A34
d−1
//
d+1
//
A123×A124×A134×A234
d−2
//
d+2
//
· · · (8)
The complex (8) was introduced to deal with the lack of subtraction in tropical geometry; instead
of one differential we consider pairs of morphisms (d+i ,d
−
i ). Also, instead of the difference of two
functions f − g, we will have a tuple ( f ,g) and we replace the kernel condition f − g = 0 with
( f ,g) ∈ ∆, where ∆ is the diagonal.
However, since O×X is a sheaf of abelian groups, we can simply use the classical cochain complex.
Either way, we can see that the image of d0 is generated by elements of the form ( f1, f2, f3, f4), where
fi ∈R for all i and ( f1, f2, f3, f4) 6= λ (1,1,1,1) for some λ 6= 0 and thus the image of d0 is isomorphic
to R3. The kernel of d1 is generated by elements of the following form:
(
b
c
yk,bxlyk,cxk,axl ,
ac
b
xlyk,
a
b
yk), for a,b,c ∈ R and k, l ∈ Z. (9)
Now, for the choice of ( f1, f2, f3, f4) = (b,c,1T,
b
c
), one can easily see that any element as in (9)
defines the same equivalence class as an element (yk,xlyk,xk,xl ,xlyk,yk) in Hˇ1(XT,O
×
XT
). Now it is
easy to see that
H1(XT,O
×
XT
) = Hˇ1(XT,O
×
XT
)∼= Z2.
Remark 4.16. In the above computation the fact that X is a product of projective lines is not crucial.
We can identify P1×P1 with its image under the Segre embedding into P3, i.e., XT is defined by
a congruence generated by a single “bend relation” x0x1 ∼ x2x3. Both computations give the same
result as expected.
References
[1] Omid Amini and Lucia Caporaso. Riemann-Roch theory for weighted graphs and tropical curves. Advances in Math-
ematics, 240:1–23, 2013.
[2] Matthew Baker and Serguei Norine. Riemann–Roch and Abel–Jacobi theory on a finite graph. Advances in Mathe-
matics, 215(2):766–788, 2007.
[3] Matthew Baker and Joseph Rabinoff. The skeleton of the Jacobian, the Jacobian of the skeleton, and lifting meromor-
phic functions from tropical to algebraic curves. Int. Math. Res. Not. (16) 7436–7472, 2015.
[4] Dustin Cartwright. Combinatorial tropical surfaces. arXiv preprint arXiv:1506.02023, 2015.
[5] Dustin Cartwright. Tropical complexes. arXiv preprint arXiv:1308.3813, 2015.
13
[6] Chenghao Chu, Oliver Lorscheid, and Rekha Santhanam. Sheaves and K-theory for F1-schemes. Advances in Mathe-
matics, 229(4):2239–2286, 2012.
[7] Alain Connes and Caterina Consani. From monoids to hyperstructures: in search of an absolute arithmetic. Casimir
Force, Casimir Operators and the Riemann Hypothesis, de Gruyter, pages 147–198, 2010.
[8] Alain Connes and Caterina Consani. Schemes over F1 and zeta functions. Compos. Math, 146(6):1383–1415, 2010.
[9] Alain Connes and Caterina Consani. On the notion of geometry over F1. Journal of Algebraic Geometry 20 n.3,
525-557, 2011.
[10] Alain Connes and Caterina Consani. The arithmetic site. Comptes Rendus Mathematique Ser. I 352, 971–975, 2014.
[11] Alain Connes and Caterina Consani. Geometry of the scaling site. C. Sel. Math. New Ser. doi:10.1007/s00029-017-
0313-y, 2017.
[12] Alain Connes and Caterina Consani. Homological algebra in characteristic one. arXiv preprint arXiv:1703.02325,
2017.
[13] Guillermo Cortin˜as, Christian Haesemeyer, Mark E Walker, and Charles Weibel. Toric varieties, monoid schemes and
cdh descent. Journal fu¨r die reine und angewandte Mathematik (Crelles Journal), 2015(698):1–54, 2015.
[14] Anton Deitmar. Schemes over F1. In Number fields and function fieldstwo parallel worlds, pages 87–100. Springer,
2005.
[15] Anton Deitmar. F1-schemes and toric varieties. Contributions to Algebra and Geometry, 49(2):517–525, 2008.
[16] Jaret Flores, Oliver Lorscheid, and Matt Szczesny. Cˇech cohomology over F12 . Journal of Algebra, 485:269–287,
2017.
[17] Jaret Flores and Charles Weibel. Picard groups and class groups of monoid schemes. Journal of Algebra, 415:247–
263, 2014.
[18] Tyler Foster, Dhruv Ranganathan, Mattia Talpo, and Martin Ulirsch. Logarithmic picard groups, chip firing, and the
combinatorial rank. arXiv preprint arXiv:1611.10233, 2016.
[19] W. Fulton. Introduction to toric varieties. Annals of Math. Studies 13, Princeton Univ. Press, 1993.
[20] Andreas Gathmann and Michael Kerber. A Riemann-Roch theorem in tropical geometry. Mathematische Zeitschrift,
259:217–230, 2008.
[21] Jeffrey Giansiracusa and Noah Giansiracusa. Equations of tropical varieties. Duke Mathematical Journal,
165(18):3379–3433, 2016.
[22] Jonathan Golan. Semirings and their applications, updated and expanded version of the theory of semirings, with
applications to mathematics and theoretical computer science, 1999.
[23] Da´niel Joo´ and Kalina Mincheva. Prime congruences of idempotent semirings and a Nullstellensatz for tropical poly-
nomials. C. Sel. Math. New Ser. doi:10.1007/s00029-017-0322-x, 2017.
[24] Jaiung Jun. Algebraic geometry over semi-structures and hyper-structures of characteristic one. PhD thesis, Johns
Hopkins University, Baltimore, Maryland, USA, May 2015.
[25] Jaiung Jun. Cˇech cohomology of semiring schemes. Journal of Algebra, 483:306–328, 2017.
[26] Oliver Lorscheid. The geometry of blueprints: Part I: Algebraic background and scheme theory. Advances in Mathe-
matics, 229(3):1804–1846, 2012.
[27] Oliver Lorscheid. Scheme theoretic tropicalization. arXiv preprint arXiv:1508.07949, 2015.
[28] Diane Maclagan and Felipe Rinco´n. Tropical schemes, tropical cycles, and valuated matroids. arXiv preprint
arXiv:1401.4654, 2014.
[29] Diane Maclagan and Felipe Rinco´n. Tropical ideals. arXiv preprint arXiv:1609.03838, 2016.
[30] Yuri Manin. Lectures on zeta functions and motives (according to Deninger and Kurokawa). Aste´risque, 228(4):121–
163, 1995.
[31] Grigory Mikhalkin and Ilia Zharkov. Tropical curves, their Jacobians and theta functions. Curves and abelian vari-
eties, 465:203–230, 2008.
[32] Javier Lo´pez Pen˜a and Oliver Lorscheid. Mapping F1-land: An overview of geometries over the field with one ele-
ment. Noncommutative geometry, arithmetic, and related topics, 241-265, Johns Hopkins Univ. Press, 2011.
[33] Jean-Pierre Serre. Faisceaux alge´briques cohe´rents. Annals of Mathematics, pages 197–278, 1955.
[34] Christophe Soule´. Les varie´te´s sur le corps a` un e´le´ment. Mosc. Math. J, 4(1):217–244, 2004.
[35] Jacques Tits. Sur les analogues alge´briques des groupes semi-simples complexes. In Colloque d’alge`bre supe´rieure,
Bruxelles, pages 261–289, 1956.
14
